In this paper, we study and analyze absolute and relative condition numbers of the spectral projections for regular periodic eigenproblems. The main contribution is to derive explicit expressions of the condition numbers of the j-th left and right spectral projections. Numerical examples are given to illustrate the proposed condition numbers for the spectral projections associated with periodic eigenproblems.
Introduction
In this paper we study condition numbers for the spectral projections of the multivariate eigenproblem: . . . where A j , E j ∈ C n×n , β j , α j are complex variables and x j ̸ = 0 ∈ C n for j = 1, . . . , p. The periodic matrix pairs {(A j , E j )} ). The detailed discussion of the eigenvalue problem for regular periodic matrix pairs can be found in [1] [2] [3] [4] . When {(A j , E j )} p j=1 is regular, there exist unitary matrices U j , V j ∈ C n×n such that [1, 4] 
where
11 , E (j) 11 ∈ C m×m (m < n), and · * denotes a conjugate transpose of a matrix. Assume λ({(A (j) 11 , E , where X 0 = X p , see [5] . By setting
2 ),
where S (j) corresponding to λ({(A (j)
), see [4] . For j = 1, . . . , p, the n × n matrices
are respectively the j-th left and right spectral projections onto the j-th simple right and left deflating subspaces of the
).
In the literature, there are many papers studying the perturbation theory and numerical methods of spectral projections (see for example, [3, [6] [7] [8] [9] ). The spectral projections of regular periodic matrix pairs play an important role in computing periodic reachability and observability Gramians [3] . For example, a periodic descriptor system with time-varying dimensions:
where the rectangular matrices A j , E j , B j , and C j are periodic with a period p ≥ 1, see [3] . Assume that regular periodic matrix pairs {(A j , E j )} 
where P (j) l and P (j) r are the j-th left and right spectral projections corresponding to the finite eigenvalues of {(A j , E j )} p j=1 . For a matrix and a regular matrix pair, Sun [8, 9] derived explicit expressions of condition numbers for spectral projections. To the best of our knowledge, similar results have not been developed for periodic eigenproblems. The purpose of this paper is to define the absolute and relative condition numbers of spectral projections onto the j-th left and right deflating subspaces of the regular periodic matrix pairs appropriately, and to derive explicit expressions of these condition numbers.
The development of such condition numbers would be useful to understand and characterize the numerical stability of periodic eigenproblems and their related research problems. This paper is organized as follows. In Section 2, we define condition numbers of spectral projections based on the results in [11] and derive their mathematical expressions. In Section 3, we present a numerical example to illustrate our theoretical results. Finally, the concluding remarks are given in Section 4.
Explicit expressions of condition numbers
Let the regular periodic matrix pairs {(
r be the j-th left and right spectral projections of the perturbed periodic matrix pairs {(
, where P (j) l and P (j) r are defined by (1.6). By using the results given in [11] , we can define condition numbers κ(P (j) l ) and κ(P (j) r ) as follows:
and
where γ i , ρ i , τ j and η j are positive parameters. Firstly, we have the following remarks for these condition numbers.
By taking
l ) and κ(P 
have decompositions (1.2) and (1.5). For j = 1, . . . , p, the n × n matrices
are respectively the j-th left and right spectral projections onto the j-th simple right and left deflating subspaces of the 
Next we will derive explicit expressions of κ(P (j) l ) and κ(P (j) r ).
Expressions of P (j)
l and P
have the periodic Schur decompositions (1.2). By using (1.5), we can write
3)
m×m . By combining (2.3) with (1.5), we have
for j = 1, . . . , p. Now we can consider the following periodic Riccati equations:
, and
is small enough so that the above unique solutions satisfy
Then the matrices
Hence, the direct calculation gives 
do not have common eigenvalues. Let
(2.11)
According to (2.4), (2.9) and (2.10), we get
for j = 1, . . . , p. Consequently, from (2.12), (2.13) and (1.6), we see that the perturbed j-th left and right spectral projection
r can respectively be expressed by
for j = 1, . . . , p. Combining (1.6) with (2.14) and (2.15) gives Now we analyze the expressions obtained in the previous subsection. Let
It is known in [4, p. 166 ] that the matrices T and S are nonsingular. Write respectively, where
Similarly, the vectors vec(K j ) and vec(L j ) have the first order perturbation expansions
respectively, where 
T is the transpose operation.
and 
Then from (2.23) we can obtain the following equalities
(2.24)
Hence combining (2.24) with (2.21) and (2.22) shows 
. . , p) and W are unitary matrices, we obtain from (2.26) to (2.31)
As a summary, we have proved the following theorem. 
Theorem 2.1. Let regular periodic matrix pairs
where A 11 , E 11 ∈ C m×m (m < n). Assuming that λ((A 11 , E 11 )) ∩ λ((A 22 , E 22 )) = ∅, then let P l and P r be the left and right spectral projections corresponding to λ((A 11 , E 11 )), respectively. By Theorem 2.1 we can get
and {X, Y } is the unique solution to the following equation
In particular, when
are respectively the absolute or relative condition numbers, which were proved by Sun [8] .
Next we would like to derive the lower and upper bounds of κ(P (j) l ) and κ(P (j) r ). Let us first establish the following lemma.
(2.36)
Further we have
where Γ 10 is defined by (2.30).
Proof. 
Then we have
Since the matrices
we can get 
Hence we have
(2.42) By Lemma 2.2 and (2.33) we can get 
Numerical examples
In this section, we make use of two examples to illustrate our results in Section 2. All computations are performed using MATLAB, version 6.5. The relative machine precision is 2.22 × 10 −16 . We use κ abs (·) and κ rel (·) to denote the absolute and relative condition numbers of the spectral projection in (2.32), respectively. The lower and upper bounds in (2.40) and (2.41) are respectively denoted by κ low (·) and κ up (·). Table 3 Results of j-th left spectral projections (Example 3.2). Table 4 Results of j-th right spectral projections (Example 3.2). Tables 3   and 4 .
The results of this example show that the spectral projections P We remark that the computation of condition numbers κ(P 18) . One of the future research works is to study how to compute the condition numbers κ(P (j) l ) and κ(P (j) r ) (j = 1, . . . , p) efficiently.
Concluding remarks
In summary, we define appropriately absolute and relative condition numbers of the spectral projections for regular periodic eigenproblems and present Theorem 2.1 to give their explicit expressions. The analysis for such condition numbers has been studied in the paper. In the paper, we consider and study square matrices A j and E j in the analysis of condition numbers of the spectral projections. It is interesting to extend the analysis to the case of rectangular matrices. In particular, it is required to study the periodic generalized coupled Sylvester equation in (1.3) and the periodic Riccati equations in (2.5) and (2.6) for rectangular matrices as our future research work.
